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A new class of realisations of the Lie algebra sp(n, R )  

Burdik 
Laboratory of Theoretical Physics, Joint Institute for Nuclear Research, 141 980 Dubna, 
USSR 

Received 6 August 1985 

Abstract. The method for constructing boson realisations of semisimple Lie algebras 
formulated in our previous paper is applied to the case of sp(n, R). The realisations 
obtained are expressed by means of certain recurrence formulae in terms of r ( 2 n  - f r + i )  
canonical pairs and generators of the subalgebra g1( r, R)Bsp(n - r, R), where r is a fixed 
number equal to 1,2, .  . . , n. Each of the realisations is skew-Hermitian with respect to the 
natural involution and Schur irreducible. 

1. Introduction 

The real symplectic algebra sp(n, R) ,  which is the algebra of the group of linear 
canonical transformations in 2n-dimensional phase space, plays an outstanding role in 
many physical problems (Moshinsky and Quesne 1971, Wyboume 1974). This is why 
various types of representations of this algebra are interesting. In this paper, we are 
going to concentrate our attention on a purely algebraic method of constructing the 
representations. The central notion is that of the canonical (or boson) realisation 
which means an expression of elements of sp( n, R) by means of polynomials in quantum 
canonical variables pi, qi ,  such that the commutation relations are preserved. For the 
physical relevance of such canonical realisations of sp(n, R)  see Deenen and Quesne 
(1984a) and other references quoted therein. 

Explicit forms of realisations for sp( n, R) have been constructed by Deenen and 
Quesne (1984b) and Rowe (1984) using the method of coherent state representation 
(Dobaczewski 1981). These realisations are defined by means of fn(n+ 1) canonical 
pairs and of generators of a subalgebra gl(n, R). Another class of realisations has 
been described by HavliEek and Lassner (1976); in their paper, realisations of sp( n, R )  
in terms of (2n - 1) canonical pairs and of generators of sp( n - 1, R)  were obtained. 

We have formulated recently a method (Burdik 1985), which enables us to construct 
wide families of canonical realisations of a semisimple Lie algebra g starting from 
induced representations of g with respect to a suitable subalgebra. In the present 
paper, we apply this method to the case of sp( n, R).  For any r = 1,2, . . . , n, we construct 
recurrence formulae which give realisations of sp(n, R )  in terms of r(2n -.:r+f) 
canonical pairs and of generators of the subalgebra gI(r, R)Osp(n - r, R). Both the 
above-mentioned types of realisations appear to be particular cases for r = n and r = 1, 
respectively. 
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2. Preliminaries 

The algebra g = sp(n, R )  is the n(2n + 1)-dimensional real Lie algebra. We choose a 
basis consisting of n(2n + 1) generators Xij = -E~E~X-~ ,+ ,  i , j  = -n, . . . , -1, 1, . . . , n 
satisfying the commutation rules 

[xg, XkI] = 6jkXi1 - 8 i l x k j  + &i&j6j,-lXk,-i - &iEjsi,-kX-j,l (1) 

where = sgn i. 
For any r = 1,2, .  . . , n - 1, we define 

r 

6, = Xii 
i =  1 

and any such b, gives the following decomposition of the algebra sp(n, R):  

g=npQg,b,Qn!r 

n?= R{X E g, [b,, XI = a k X ,  where a&> 0) 

gir=(XEg,[b,,X]=O} 

nb.= R{x~g,[b, ,X]=-a;X,  where a;>0}. 

This decomposition will be used as a starting point for our construction. More details 
about properties of such decompositions can be found in Burdik (1985). 

The Weyl algebra W , ,  is the complex associative algebra with identity generated 
by 2Nr elements 

(2) 

(3) 
Pit, Pi,-!, Pi,-j P .  l , - ]  ,=E.E.P. 1 1 J, - l  ' 

qit ,  q i , - r ,  44-j qi,-j = EiEjqj,-i 

where i, j = 1,2, . . , , r, r = r + 1, r + 2, . . . , n. They satisfy the commutation relations 

Let go be a real Lie algebra. By io we LJnote its complexification; furthermore, 
U(go) is the enveloping algebra of this complexification. 

Definition. A realisation of g is a homomorphism 

T:g+ W Z N , @ ~ ( ~ O ) .  

The homomorphism T extends naturally to the homomorphic mapping (denoted 
by the same symbol T )  of the enveloping algebra U(g) into W2,,@U(g0). 

Definition. Let Z(g) be the centre of U(g). A realisation is called Schurean (Schur 
irreducible or simply Schur realisation) if all the central elements C E Z ( g )  are realised 
by 1 0 C o  where CO are central elements of the enveloping algebra U(g,). 
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Xl,r+l X1,r+2 * . * X1.n 

Xr,r+l Xr,r+2 . X,n 
XL-1 XI,-2 * XI,-n 

Xr,-r - Xr,-n 

In view of possible applications to the representation theory, we introduce the 
involution '+' in W2h, be means of the following relations: 

4:s = -4aa P:a = Paa ( 6 a )  

where a ,  p run over all the allowed values of the indices. Similarly, the involution '+' 
on U ( i o )  is defined by 

y + = - y  for Y E  go. ( 6 b )  

These involutions define naturally an involution on w2Nr@u(go): 

(9) 

(7 a,?r,@g,)+=F CijTfOg; 

where rj E w 2 ,  and gj E U(jj0)- 

DeJinition. Let g be a real Lie algebra and let '+' be the involution on w2,@U(jjo)  
described above. A realisation T of g on w2N,@u(jjO) is called skew-Hermitian if, for 
all elements X E g, the following relations hold: 

( T (  x))+ = - T ( x ) .  ( 7 )  

3. Construction of realisations 
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dit 

ajs 

where, of course, n,,, n,,-,, ni,-j belongs to No, the set of all non-negative integers, for 
a n y i , j = l , 2  , . . . ,  r a n d t = r + l , r + 2  , . . . ,  n. 

Now we are able to apply the general construction described in Burdik (1985). Let 
U, be an auxiliary representation of the algebra gA0 nb. on a vector space V such that 

b cr( n-7) = 0 

U, 1 g$ is faithful. 
(11) 

We denote by W the carrier space of the induced representation pr = ind(g, ur). If 
v l , .  . . , ud is a basis in the space V, then the vectors 

n , , r+ ,  ... "1.n 

. . .  nit . . .  
n r , r + l  . . .  nr,n @ v i  = 
n1,-1 . . .  "1,-n 

nr,-r  . . .  nr , -n  

"I, ,+,  . . .  "1.n 

. . .  njs ... 
n r , r + l  * . .  nr,n @ u i =  n.  J S  

n1,-1 . . .  n I , - n  

nr,-r  . . .  n r , - n  

form a basis in W 
We define the creation and annihilation operators d i t ,  ais on the space W in the 

. . .  "1.n 

n i , + l  . . .  
. . .  rr,n 
. . .  n1,-n 
. . .  nr , -n  

. . .  "1,n 

n js- l  . . .  
. . .  nr ,n  

... n ~ , - n  

. . .  nr.-n 

0 vi 

( 1 3 ~ )  

@ Vi 

and similarly we define the operators c?,,-~,  a i , - f ,  i s j .  Furthermore, we define 
the operators X i k ,  i, k = 1,2, .  . . , r; X,,, X, ,-,, X-,,, s, t = r + 1, r + 2,.  . . , n, by the 
relations 

- - -  - 

According to theorem 1 of Burdik (1985) the induced representation pr = ind(g, U,) 

can be rewritten using the above defined operators (13a) and 13 b). We get the formulae 
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- f: 
k = l  

The representation of the remaining generators we obtain using the commutation 
rules (1). 

Now the skew-Hermitian realisations sought are obtained easily by replacing the 
operators in the above expressions by suitable algebraic objects. For details, see Burdik 
(1985, propositions 1, 2 and theorem 2).  They are given by the formulae 

n r 

T:(Xij)= ( q i s P j s + q i , - s P j , - s ) + q i , - j P j , - j +  q k - i P k - j + X i j + ( n - ~ r + f ) S i i  
s=r+l k = l  

and in the case r = n 

7;(xi-j) = qi,-j 



For any r = 1,2, .  . . , n, the elements b, have the same meaning as the element b 
from P 4 of Burdik (1985). Therefore, we can apply theorem 3 of that paper to the 
realisations (1 5 ) ,  thus obtaining the following proposition. 

Proposition. T: are Schur realisations of sp(n, R )  in the W2,,@U(gl(r, R)Osp(n - 
r, R)) for any r = 1,2, .  . . , n. 

4. Discussion 

In this section we shall compare our results to the realisations given by Deenen and 
Quesne (1984b) (see formulae (6.21)). These formulae give for d = 3 the realisations 
of the algebra sp(3, R)  which we have rewritten explicitly 

D ?  0 = w.. V i, j = 1,2,3 

a a  a a  +4w*3- -+4433- -. 
aw2, a~~~ aw33 aw33 

If we put r = n = 3 in the formulae (14) we obtain 

The sp(3, R)-algebra automorphism cp: cp(X,) = EU2 cp(X,,) = D;c~(X-~J = -D,, and 
the mapping $: $(ii,-j) = w,, + ( a - i J )  =a/aw,, $(Xi,) = C,+fnS,, evidently transform 
the formulae (17) to the formulae (16). 
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