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A new class of realisations of the Lie algebra sp(n, R)

¢ Burdik

Laboratory of Theoretical Physics, Joint Institute for Nuclear Research, 141 980 Dubna,
USSR

Received 6 August 1985

Abstract. The method for constructing boson realisations of semisimple Lie algebras
formulated in our previous paper is applied to the case of sp(n, R). The realisations
obtained are expressed by means of certain recurrence formulae in terms of r(2n—3r+1%)
canonical pairs and generators of the subalgebra gl(r, R)®sp(n~r, R), where r is a fixed
number equal to 1,2, ..., n. Each of the realisations is skew-Hermitian with respect to the
natural involution and Schur irreducible.

1. Introduction

The real symplectic algebra sp(n, R), which is the algebra of the group of linear
canonical transformations in 2n-dimensional phase space, plays an outstanding role in
many physical problems (Moshinsky and Quesne 1971, Wybourne 1974). This is why
various types of representations of this algebra are interesting. In this paper, we are
going to concentrate our attention on a purely algebraic method of constructing the
representations. The central notion is that of the canonical (or boson) realisation
which means an expression of elements of sp(n, R) by means of polynomials in quantum
canonical variables p;, ¢;, such that the commutation relations are preserved. For the
physical relevance of such canonical realisations of sp(n, R) see Deenen and Quesne
(1984a) and other references quoted therein.

Explicit forms of realisations for sp(n, R) have been constructed by Deenen and
Quesne (1984b) and Rowe (1984) using the method of coherent state representation
(Dobaczewski 1981). These realisations are defined by means of 3n(n+1) canonical
pairs and of generators of a subalgebra gl(n, R). Another class of realisations has
been described by Havli¢ek and Lassner (1976); in their paper, realisations of sp(n, R)
in terms of (2n—1) canonical pairs and of generators of sp(n—1, R) were obtained.

We have formulated recently a method (Burdik 1985), which enables us to construct
wide families of canonical realisations of a semisimple Lie algebra g starting from
induced representations of g with respect to a suitable subalgebra. In the present
paper, we apply this method to the case of sp(n, R). Foranyr=1,2,..., n, we construct
recurrence formulae which give realisations of sp(n, R) in terms of r(2n—3r+%)
canonical pairs and of generators of the subalgebra gi(r, R)@sp(n—r, R). Both the
above-mentioned types of realisations appear to be particular cases for r=n and r=1,
respectively.
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2. Preliminaries

The algebra g=sp(n, R) is the n(2n+1)-dimensional real Lie algebra. We choose a
basis consisting of n(2n+1) generators X;=—g&X_;_;, L,j=-n...,~L1,...,n
satisfying the commutation rules

[Xijs Xul= 5iju - 5.‘1ij + eisj‘sj,—leg—i - 8i5j5i,-kX—j,l (1)
where g, =sgn i.
For any r=1,2,...,n—1, we define

b, = Z Xii
i=1

and any such b, gives the following decomposition of the algebra sp(n, R):
g=n"@gt® n’
n%=R{Xeg,[b, X]=ayxX, where a’ >0}
go={Xeg,[b,X]=0}
n’=R{X eg,[b, X]=-a%X, where a’y >0}.

(2)

This decomposition will be used as a starting point for our construction. More details
about properties of such decompositions can be found in Burdik (1985).

The Weyl algebra W, is the complex associative algebra with identity generated
by 2N, elements

Pits Pi—15 Pi—j Di-j= Ei&Pj—i (3)
Qies §i~15 9i-j qi-; = €€/~

where i,j=1,2,...,r, t=r+1,r+2,..., n. They satisfy the commutation relations
[P, 4js]= 88
(-0 45-s]1= 88 (4)
LPi-s q-1]= éﬁ(él%;'l)ajk

Let g, be a real Lie algebra. By g, we denote its complexification; furthermore,
U(g,) is the enveloping algebra of this complexification.

Definition. A realisation of g is a homomorphism
7:8> Won, ®U(g0). (5)

The homomorphism 7 extends naturally to the homomorphic mapping (denoted
by the same symbol 7) of the enveloping algebra U(g) into W, @ U(g,).

Definition. Let Z(g) be the centre of U(g). A realisation is called Schurean (Schur
irreducible or simply Schur realisation) if all the central elements C € Z(g) are realised
by 1® C, where C, are central elements of the enveloping algebra U(go).
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In view of possible applications to the representation theory, we introduce the
involution ‘+’ in W, be means of the following relations:

Gop = —dap Pap = Pap (6a)

where a, 8 run over all the allowed values of the indices. Similarly, the involution ‘+’
on U(g,) is defined by

Yr=-Y for Yeg,. (6b)

These involutions define naturally an involution on W,y ® U(g,):
+
(Z aﬂrj®g,~) =Y am/ ®g/ (6¢)
j J
where m;€ W, and g; € U(go).

Definition. Let g be a real Lie algebra and let *+’ be the involution on W,y ® U(g,)
described above. A realisation 7 of g on W,y ® U(g,) is called skew-Hermitian if, for
all elements X € g, the following relations hold:

(r(X))" =-7(X). (M

3. Construction of realisations

Using the commutation relations (1) we can bring the decomposition (2) into the form
nY=R{Xi, X0 Xi}
gg' = R{Xij, Xot» X oty X s}~ gl(r, R)®sp(n—r, R) (8)
n’= R{X,, X s X—j.i}

where again i,j=1,2,...,r and s,t=r+1,r+2,...,n Evidently, the set {Xi,
Xi-oXipi<ji,j=1,2,...,r; t=r+1,...,n} is a basis in n%. We write the ele-
ments of this basis as the matrix

Xl,r+1 Xl,r+2 o Xl,n
Xr,r+l Xr,r+2 e Xr,n (9)
Xx,—x X1,—2 v Xyn

X,or oo Xoia

and assume that the basis is ordered lexicographically. The monomials of U(%) can
then be written as the matrices

nl,,+1 o nl_n

' n

Pore oo M [S(X0 x,";:) (XX (10)
- - n -r "r—n

Pt e By XXX (XL X

n,—, cer Ny
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where, of course, n;,, n,_,, n;_; belongs to Ny, the set of all non-negative integers, for
any i,j=1,2,...,rand t=r+1,r+2,...,n

Now we are able to apply the general construction described in Burdik (1985). Let
o, be an auxiliary representation of the algebra g;@® n® on a vector space V such that

a.(n%)=0

11
o,|gy is faithful. (1)

We denote by W the carrier space of the induced representation p, =ind(g, o,). If
v1,..., Uz is a basis in the space V, then the vectors

Ny rey LW

nr,r+1 e rr,n ®vi (12)
nl,_, B nl,_,.

n._, L R _n

form a basis in W.
We define the creation and annihilation operators a;, a;; on the space W in the
following way:

Ny e Bin - Ny, cen nyp
n;, n,+1
PR . Rn v = Ryrsy .. I ®
ny .- Ny _n n, e ny—n
n,_, e n,_, n,_, R n,_n
(13a)
Ny e nyn Ny e e nyn
Ry . ca ni—1
sl N, . n,, ®ui=n;(n, - (. R,
ny_y By—n ny_ ny-n
n,_, - n,_, n,._, - n,_,

the operators )2,-,(, b k=1,2,...,r ).(s,, )?S‘_,, X_ i, S, t=r+1,r+2,...,n by the
relations

and similarly we define the operators a;_,, a,_,, ,;, i <j. Furthermore, we define

X~ik= 1®0'r(Xik) X~sr= 1®Ur(Xst)

X~S,_,=1®0',(X,__,) X—s,r=1®0'r(x—s,t)-
According to theorem 1 of Burdik (1985) the induced representation p, =ind(g, o,)

can be rewritten using the above defined operators (13a) and 13b). We get the formulae

(13b)

n r
pr(Xy)= Y (Gt +a,_,a,_)+a,;a;;+ Y dw_iap;+X,
k=1

s=r+1

o

(X)) = kZ (A —sax .~ uai) + X,
=1

pr(Xs,—r)= Z Z (dj,-—kakl_dj,—t)ajs+ Z Z (dj,—kak.s—aj,—-s)ajt+js,—t

j=1k=j j=1k=j+1
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roj-1 ~
(X0 =3 T (Guyar-i= e+ Y i (Bij@i-s—as) 8-+ X s,

j=1k=1 j=1k=1 (14)
pr(er+l)=6rr+1

pr(Xr-H r) - z (pr(XH-l s)ars+ar s r+1, s)_ Z pr( )aj,r+]+2&r,—(r+l)ar,—r

s=r+1

where
r
p’rk(Xr+ls Z k. (r+l)ak s+Xr+ls
and in the case r=n

pn(Xi,—j) = di,—j

n—1 - n—-1
pn(X-—n,n):—Z (2an+dlg—k+ Z 2&k,_jaj‘_,,)ak_,.

k=1 j=k+1

I
™=

4&&_,‘(1[‘,_,‘0",_" "40,,,_,.X,.,|.
1

The representation of the remaining generators we obtain using the commutation
rules (1).

Now the skew-Hermitian realisations sought are obtained easily by replacing the
operators in the above expressions by suitable algebraic objects. For details, see Burdik
(1985, propositions 1, 2 and theorem 2). They are given by the formulae

T(Xq)_ Z (q.sP;s+ql sP; s)+qx—;P;—;+ Z qlg 1PK—}+XIJ+(" 2r+ )6

s=r+1

T X)) = kz (qu-sPk—t = QuaPrs) + Xt
=1

r(Xs t)—z Z (q] kpkl q; r)P;x'*‘Z Z (q} kpks qjvspjr)+Xs ~t

=1 k=1 | k=

J’ j=1k=j+ (15)
r(X—sl)_ 21 kzl Gi—jPk—t q,:)P, st zl kzl (Qk,—;Pk, s q,s)PJ 1+X—sr

j=

T:(Xr,r+l) = qr,r+l

T;(Xr+l,r) = Z (TT(Xr+l,s)prs +pr,-sxr+1,—s) - z (T’,(ij,) + 1)Pj,r+1 +2qr,—-(r+l)Pr,—r
j=1

s=r+l
where
r
* _ 1
Tr (X’+1,S) - kz qk,—(r+1)pk,—s+Xr+l,s+§r8r+1,s
=1

and in the case r=n

(X)) = i
n—t n-1

T;I(X—n,n)=- z (2an+qk,-k+ z ZQk—ij,—nPk,—n)
k=1 j=k+1

- kzl 4qk,—npk,—npn,-n —4pn,—ann +2(I1 + l)p"n"‘ .
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For any r=1,2,..., n, the elements b, have the same meaning as the element b
from § 4 of Burdik (1985). Therefore, we can apply theorem 3 of that paper to the
realisations (15), thus obtaining the following proposition.

Proposition. ' are Schur realisations of sp(n, R) in the W,y ® U(gl(r, R}®sp(n —
r,R)) forany r=1,2,...,n

4. Discussion

In this section we shall compare our results to the realisations given by Deenen and
Quesne (1984b) (see formulae (6.21)). These formulae give for d =3 the realisations
of the algebra sp(3, R) which we have rewritten explicitly

D?}=w,»j i,j=1,2,3
3 ] ,
E;j=Y wy——+w,—+C;+1nd;
k=1 OWy Iwy
0 d n\ o d d 3 d
D33=2C13—+2C23_—+4(C33+") +w“ +W22 (16)
W3 OWy3 2/ dwa; OW;3 W3 OW,3 Wy
J d 0
2W12
W3 OWs dWy3 OWs3
d d d
+4wsy,

W33 .
IW33 W33 W33 W33
If we put r=n=3 in the formulae (14) we obtain
p3(Xi,—j)=a_i,—j iaj=15233

3
p3(X,-j) = kzl dk’_gak,_j+ d,-,_ja}-,,j-i-X,»j

pi(X _33)= 'zjxsax,—s - 2)?23‘12,—3 - 4)233‘13,—3 —dy 10,3 (17)
= Q5,203 _305-3— 24, 20,30z 3~ 4d, 38,3833
—44d, 3a; 3a;3_3—44; 3a;_30;3 3.

The sp(3, R)-algebra automorphism ¢: ¢(Xj;) = Ey, o(X ;) = Dje(X_,;)=-D;,and

the mapping ¢: ¢(a,_;) = wy, ¥(a_,;) =8/aw, ¥(X,) = C,+3ind,, evidently transform
the formulae (17) to the formulae (16).
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